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Adapting ideas of Daubechics and Klauder we derive a continuum path-integral for- 
mula for the time evolution generated by a spin Hamiltonian. For this purpose we 
identify the finite-dimensional spin Hilbert space with the ground-state eigenspace 
of a suitable Schodinger operator on L 2 (R 2 ), the Hilbert space of square-integrable 
functions on the Euclidean plane R 2 , and employ the Feynman-Kac-Ito formula. 

1 Introduction 

Even 50 years after the appearance of Feynman's celebrated paper 1 which 
introduced the path-integral formalism into quantum theory in a heuristic but 
convincing manner, there is no general consensus on how to treat a quantum 
spin within this framework. To our knowledge, among the various approaches 
the only rigorous expression for the dynamics of a quantum spin in terms of 
an integral over continuous paths is due to Daubechies and Klauder .0 They 
were able to write the coherent representation of the unitary time-evolution 
operator of a spin with definite quantum number as the ultra-diffusive limit 
of a well-defined integral over Brownian-motion paths on the two-sphere. 

The present contribution summarizes a recent work 3 , where we have 
shown that one may equally well employ Brownian-motion paths on the Eu- 
clidean plane. In this way a closer contact to symbolic continuum path- 
integral formulas widely discussed in the recent literature 4-7 is established. 
One may hope that the wealth of analytical tools associated with planar Brow- 
nian motion helps clarifying some subtle points there. The presented approach 
might also be of interest in the context of quantizing constrained systems. 

2 Basic definitions, result, and comments 

We consider a single spin with fixed quantum number j £ 

{0, 1/2, 1, 3/2, . . .}. It is given by three operators J+,J-, and J$ which are 
viewed as acting on the (2j + l)-dimensional complex Hilbert space C 2j+1 
and obey the usual commutation relations [J+,J-] = 2J3, \Jz,J±\ — ±J±- 
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Non-normalized coherent vectors 

|«):=[(2j + l)/7r] 1 / a (l+|«| 3 )- J '-V J '+|i,-i), zeC, (1) 

m are parametrized by complex numbers. Henceforth, z* will refer to 

their complex conjugates, Z\ := (z + z*)/2 and Z2 ■= (z — z*)/2i to their 
real and imaginary parts. A normalized spin-down vector \j, —j) 6 C 2j+1 , 
obeying —j) = and (j, —j) = 1 , serves as the reference vector. 

Every spin Hamiltonian H, a (self-adjoint) operator on C 2j+1 , is poly- 
nomial in J + ,J_ : and J% and may be written in pseudo-diagonal form 

H= [ d 2 zh(z)\z)(z\ . (2) 
Jc 

Here the contravariant symbol h of H is a (real- valued) function on C which 
may be chosen bounded and continuous, and d 2 z := dz\dzi is the Lebesgue 
measure on the Euclidean plane M 2 := K x K = C. In particular, the unit 
operator 1 on C 2j+1 has the constant 1 as a contravariant symbol. 

Furthermore, for given z,z' G C, t > 0, and v > let E(-) denote 
the probabilistic expectation with respect to the two-dimensional Brow- 
nian bridge with diffusina constant v starting in z = 6(0) and arriving at 
z' = b(t) a time t later.Em As a Gaussian stochastic process with continu- 
ous paths {s I— > b(s) — bi(s) + «&2(s)} sg [ t] on ^ 2 ^ ^ s characterized by its 
means E(6fe(s)) = Zk + [z' k — Zk)s/t and covariance functions E(6/c(r)6;(s)) — 
E(b k (r))E(bi{s)) = 2v5 k i(mm{r,s}-rs/t); k,l S {1,2}; r,s e [0,t). With 
the well-defined Wiener type of path integration Jd^Q. z , t (b) (•) :— exp{ — \z — 
z'\ 2 / Atv}E{-) / Antv the coherent representation (z\ exp{— itH}\z') of the 
(unitary) spin time-evolution operator exp{— itTt} may, for all z, z' e C 
and t > 0, be expressed as an ultra-diffusive limit in the following sense 



\,- ^ f\ b(s)b*{s)-b*{s)b(s) . /■* , ... 
x exp + D I ds -*j o ds h(b( S )) 



(3) 



This is the main result of Ref. 3. Here the second integral in the exponent is 
a purely imaginary stochastic (line) integral, which can be understood in the 
sense of Fisk and Stratonovich and to which one is therefore allowed to applv 
the rules of ordinary calculus, although the time derivative b does not exist B 

Several comments apply: 

• Keeping t > but replacing h by — h or — ih in (||) yields analogous path- 
integral expressions for the coherent representation of the inverse spin time- 
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evolution exp{itH.} or the spin Boltzmann operator exp{— tH}. 

• The flat-space Wiener-regularized path-integral expression (||) for the spin 
time-evolution operator is an alternative to a result given in Ref. 2 relying 
on spherical Brownian motion. Contrary to what one might expect, equation 
(|J) cannot be obtained from this result merely by stereographically projecting 
the paths from the sphere onto the (extended) Euclidean plane. In particular, 
unlike in Ref. 2, the regularization used in (Q) breaks part of the SU (2) sym- 
metry when realized on C. The full symmetry is restored only in the limit. 

• In order to make contact with the Wiener-regularized path-integral expres- 
sion associated with the dynamics of a canonical degree of freedom, also proved 
in Ref. 2, one has to contract the su{2) algebra to the Heisenberg-Weyl al- 
gebra by taking the high-spin limit j —* ooJiS More precisely, in the given 
(polynomial) spin Hamiltonian Ti on C 2j+1 , one has to replace J+,J^, and 
Ja by J+/V2J, J-/V2J, and J 3 +jl, respectively. If Hj = J c d 2 zh j {z)\z){z\ 
denotes the resulting operator, one then finds the relation 

lim f {z/V2]\e- im > \z'/y/2j) = {{z\e~ itU \z')) (4) 

where \z)) 6 L 2 (R) is a normalized canonical coherent vector and the Hamil- 
tonian H on L 2 (K), the Hilbert space of Lebesgue square-integrable complex- 
valued functions on the real line K, is defined by H := J c ^r h(z)|z))((z| with 
h(z) := limj_i.oo hj(z/ \/2j). By using (|3j) for the pre-limit expression in (^), 
suitably rescaling the Brownian bridge, and interchanging the order of the 
limits j — ► oo and v — * oo, one arrives at the path-integral formula 



(z\e 

v — >oo 



x exp \ — J ds 



b(s)b*(s)- 6*(s)6(s)J -i J dsh(6(s))j , (5) 
in agreement with Eq. (1.3) in Ref. 2, see also Ref. 11. 

• With regard to some of the symbolic path-integral expressions for spin 
systems frequently encountered in the literature, see for example Refs. 4-7, it 
might be illuminating to recognize certain formal similarities between these 
expressions and the above result (^). While the kinematical and dynamical 
terms in the exponents of all the corresponding path integrands are essentially 
the same, only the above result is based on a genuine path measure, namely 
d^zfl-z' t(k) ex P{4(j + l) 17 Jq ds(l + |6(s)| 2 )~ 2 }, but requires taking the limit 
v — » oo. Here, the Wiener type of measure d\i^l. z , t (b) is often symbolically 
written as 6 2 b5(b(0) — z)8(b(t) — z') exp{-^j J Q ds\ b(s)\ 2 } or similarly. 
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3 Sketch of the proof 

Adapting ideas of Ref. 2, the key to the proof of (|^) is to identify the spin 
Hilbert space C 2j+1 with the (2j + l)-dimensional ground-state eigenspace 
£t)(L 2 (R 2 )) of the positive Schrodinger operator 

p _ (■ g , 2(j + l)z 2 \ 2 / 9 2Q- + l)z 1 \ 2 4(j + 1) 

Vazi i + M 2 y V^2 i + M 2 y (i + M 2 ) 2 { ) 

acting on the Hilbert space L 2 (M 2 ). The claimed dimensionality of i?'s ground- 
state projector Eq follows from the Aharonov-Casher theorem on zero-energy 
eigenstatesJl 2 ] By Taylor expanding about t = one may now check that the 
coherent representation of the spin time-evolution operator may be written as 

(z\e- un \z>) = E e- ltE ° HE °(z,z'). (7) 

Here the right-hand side denotes the continuous integral kernel (in other 
words position representation) of the operator Eq exp{— UEqHEq}, where 
the bounded multiplication operator H on L 2 (R 2 ) is defined by (Hip)(z) := 
h(z)ip(z) for all ip 6 L 2 (R 2 ). It then remains to show the pointwise identity 

EQe -itE HE Q ^ z /j = Um e -t(uR+iH) ^ z /j f (8) 
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since the pre-limi±_expressions in (|^) and (0) coincide by the Feynman- 
Kac-Ito formulaBEj Finally, to prove (||) one uses the strong convergence 
liniy^oo exp{— tuR} = Eq (for all t > 0) in the Duhamel-Dyson-Phillips per- 
turbation expansion of exp{— t(isR + 0'). For details see Ref. 3. 

References 

1. R. P. Fcynman, Space-time approach to non-relativistic quantum mechanics, Rev. Mod. 
Phys. 20, 367-387 (1948) 

2. I. Daubcchics. J. R. Klauder, Quantum-mechanical path integrals with Wiener measure 
for all polynomial Hamiltonians II, J. Math. Phys. 26, 2239-2256 (1985) 

3. B. Bodmann, H.Lcschkc, S. Warzcl, A rigorous path integral for quantum spin using fiat- 
space Wiener regularization, preprint 1998 

4. H. Kuratsuji, Path integrals in the SU(2) coherent state representation and related topics, 
in: A. Inomata, H. Kuratsuji, C. C. Gerry, Path integrals and coherent states of SU(2) 
and 5C/(1, 1), World Scientific, Singapore 1992, pp. 139-218 

5. K. Funahashi, T. Kashiwa, S. Sakoda, K. Fujii, Coherent states, path integral, and semi- 
classical approximation, J. Math. Phys. 36, 3232-3253 (1995) 

6. E. A. Kochetov, SU(2) coherent- state path integral, J. Math. Phys. 36, 4667-4679 (1995) 

7. E. Ercolessi, G. Morandi, F. Napoli, P. Picri, Path integrals for spinning particles, sta- 
tionary phase and the Duistermaat-Heckman theorem, J. Math. Phys. 37, 535-553 (1996) 

8. B. Simon, Functional integration and quantum physics. Academic, New York 1979 

9. L. C. G. Rogers, D. Williams, Diffusions, Markov processes, and martingales, vol. 2: Ito 
calculus, Wiley, Chichester 1987 

10. F. T. Arccchi, E. Courtcns, R. Gilmorc, H. Thomas, Atomic coherent states in quantum 
optics, Phys. Rev. A 6, 2211-2237 (1972) 

11. J. R. Klauder, Coherent state path integrals at (nearly) J^O, quant-ph/9810043 and this 
volume 

12. H. L. Cycon, R. G. Froese, W. Kirsch, B. Simon, Schrodinger operators, Springer, Berlin 
1987 

13. K. Brodcrix, D. Hundcrtmark, H. Leschke, Continuity properties of Schrodinger semi- 
groups with magnetic fields, math-ph/9808004, to appear in Rev. Math. Phys. 



4 



